15 Katl Integraller

I5 KATL| INTEBRALLER

5.0 Dikdartgen Balgede iki katli Integraller

xy- dizleminde cimirl bir bislgede sUrekli foay) Ponksiyo-
avaen integrali, ek degiskenli fonksiyonlorin wtegrolleriyle  bircok
bemenlik tacir Her (L kaH inbegrul, her asamasinda, +ek ded (phbal;
wlegros Yon yanlemler ¢ Lullorero k I\esaplambﬂ?r.
Dikdartgensel BBlgelem’e Tki ket Tategryller

Fexd) fonksiyoqw R1 oixcb, c 2yed ileverilen bir R odikdd-
geﬁ&el Bb\geflt\ele tanimli olsw, R bolgesmin x-ve 4 AY” [(‘nc;,u‘)
4. eksederne Pan.—.e‘el Jdarula{‘ e bir o'q b 1
\:ap\am)fgmt digonelim. Bu degrioy R'yi, alaa L
AAz Axly olan kbl porgalors boler. By for- u i L;,;‘
galori DALAAy-, AAn obruk sireler ve her Ay
AA, parqasm&n bir (%¢4,) nolbhesin segersek , +2k de?'(}'luuli Rieronn
J-op\amm‘a olAwJu gtk sn::é Flxe,9e) A A
-\-oplan formunv  olghurgbilnin, -

gor K bslgesinde £ surebli se Ax y4g Vi sdiro 934-53#0,5—
ﬁ?&ﬂ'ﬁ‘\a"— C MYt oo'a gotirmekle ayat) Sa boplena Wir linite ljaUd-
Sorsa R Cuecinde Y i bath legrdli doar: 8y
f’[f-mcglJA veyo {f -F(x,c,)deg
potasyonv tle gaskrls.
{{ £rragydt = mo é‘ £oxy,y0)48e = /ﬁsﬂmé'-.', Fexey,)aA;

2 1A

ikt leartl insfeamllerih SnalWtler
N S efouddaz e ff trxidb (e sit) 2) f{ Uit aima)dhe [T1ouadeL (o di
3) R¥e frx>o e [ foudtdo , Rde firg)>giny) T [f£dn>Ll9h
&) R=Rut, ve(frtog) [TTET £f£d#=.£r‘fdd +:gra!4.
Lo 2
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15 Katl Integraller

. z = flz, y)
Hacimler W e
xy-dinlemmde R dkdartgen bslges; therinde
fixy) fonkiyony porHif ise 2=Frud) olrey ey
ile usthen R ile alm sinerlt vg boy Hv baty el
| -,‘-.II

cismin hocaini, R Darerinde £5in bt kot a- b y

L] ' ] . : il fr
tegrali oloruk yorumlaya bilirin, Sy=Stmgdan, & 27 <,

(g, ¥i

-I-oplahlnobkf her bir fexeu)dme terimi Ohe
Yabonk Jikey Jal:abrlrgen:el tvtunen hacridin. S, 'Ivlolanr bats ccmin buk/grl
hacsisdir; Halrrs) Ay 0 (A-w) igin
Hacmz lim s = {f £ty IA
dr.
ki Keth iM-ejmllerI Hesa,olamdk lein Fubini T ewrami
xy. dielemine R ogext2 ,0cuel dikdortgercel balgesi Orerinde
2= -y dizlemi olhind l:alan hacimi hesoplonak sty elim. - eksenine

ark Jt\tu\ene e ditmleme \5an'|~emmt klloniesqk '
hOClM J‘ Alx) dx _tk
%=0 z=4-x-y f
dit A, x noblosinda kest alandir x'de 2=ty \\ /
F. /
egrisi allinds kedon 1;&;?" alan Ny
pyny | (4-x~-v) dy
Y=0
1

din A% he.Sap]aMaE win x sabik kdur e
Wye qare inteqral almir. By denlclemler; birles-
Linrsek  boh cignin hacmini elde ederiz? .
Hgcim = fzn.cx)dx.: ft( f'((,-‘x-gjdyjdx= ft&‘!-’)ﬂs—y_-:!:dﬁc
%0 Acd Yoo (]

!
PR

X Alx) I 4 —x—vdy
v " o ) i

i 1
[ G-max =(2x- [ =5 43
Hac.«—f f(k—'x—y}aL'-fJx
S,ﬁdq}_, ,-&deye tetrach (l&m'ko') inteqral desir. By lflquk e xli s
b tubup 4ddoa I'e tador 4'qe Gore "‘“"Hﬁﬂ'l a'lyofu’a_. Pohe Sonrs xzcldon 17(
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15 Katl Integraller

Eqer y-eksonine dit dorlenler fle Jilinlene ;{\
3apanplc hocimi hesoplomal istateydik ne oloasttr. &4
Bu durumds, 4'dekr l'a.m’- alon :

Aw)= | (l;—x—!!)Jx.-{fz- -xgl -5-7.3
X=0

4
e gare IMegral aliyorn, Gk ;J\>
/
/ |

Ve hocim l | ‘ 4 (S
Hacim = j ﬂ-tg)Jg.—.— f [6»13)0’3:(53-9" =Si3 x A - fx : L4 —x—y)dx

Snceki hesaf)la Uy Uga ca\t‘l't Hoctm l\e.vafldwl' iqin -l-o.hz:r\a ml-gh.

W e = ff L4-2-9)dxdy

seltlinde yoneri. Burode u\legmll drce x'e qére alfgafw..
Teorem! Fubini Teeremi (Bicinci Form)  (196% &uido Fubini)
Eger fexy) fonksyeonv, R: asxeb, ceyed Jikdirtgensel bilgesn.

- b
de suretli e (fe.nda= f § fexgydxdy = f J] “'Hm's) dydx
din A <e e

e

Orneks Far)= -6ty ve R! ogxsr, ~1£341 ise j;f#mg)omlgc hesop-
iy,

.S[ﬁtnu)éd-f f(! by) dxdy = ,r('u ?.733] dy = ff‘*—*“’ﬂ’ dy

9 -(?-s-&':r" =b.
2y

§ f#mg))d f f (1-bxy) oy dx ._f (y-3% 3"1 dx —fzdx._

15.2 Genel Galaeler Ulermde rk¢ kaH Inl-eqraller*
Sl Rslqeler Urerinde Tki Katl, lﬂ‘}ﬂgrq“Qf‘

8ir Sm:rlf, o’:kJJﬂ’gmﬂa’ o’Mgaa R bé\ﬂﬂ-ﬁa& ' 1
bic fexey) -P-oah'tyanunu,\ ke ket ialnjfol?t\i to-
Mlama b i R o8\gesini gelibe qarvldigi gi. ML [
bi ditdortgense] tUgol perealon ay ryorn. Fu por. I -
Golor1 Nen mge  bedr swralayip, Yo dikdartgor L
Mn alanar 84 ile gesterelin, Dado soars k. ditdoMgenden win tqq:,s.)
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15 Katl Integraller

noblast Segelim ve Sn:é Lrxey, ) AP

Rnemm-loplamw olytumliad Sn .‘t olurlmm Pargo}mtffm normy,

HPU30 (Yo k>0 veya na3w) ve fixey) sorebl 3o Aiemom heplani

bir liwat ijor':@ 'jabuagac‘du'f- (Seqrmlerdon boqirsin olerak) Bu I;NH'/ R

theringe Ftxe)\nin ki tath }'Majml?J?r ve arrayddft Aa'itd!‘ydd{a CJ}(*I-G/”?{.'
nﬁ_a 2 fexe4e) QA = _g Fexg) A

R'xin Sinirlor o’aa‘df olorak ortik . ¢Im34cab(rr, 0 ikdart-
gensel aIMyM Aﬁlgglom‘e integrallarin cebirsel nellitleri, Jikdartgens|
l;'ahe\erle dym&"ﬁ ToplonSa”tk azelli'j‘?,_tcelcﬂe)el:t' g;bf T
bickiinia varine gelmeyon 88lgelorin birlatmi gt e R=Rol, O

If #xarda= ff boeidt + [[ Gexrdn ]
R VY Z,

sektndadiv,
Eger ftxy) poritl ve R Dorinde sovekli e Eafrxy) yitrayi ve
R bBlgesi arssimdy talon bali citrin hocrini, doho Snce oldgn gibi
,f[ fraydA :
olorak fepumlorin. 2= flr.y)
anr R b'élgﬂi, ,SeEer SRHJ‘J;a;
qibi UsHen ve alHun sirosyle 34=g,00 ve y= x
9,(x egl'llﬂr'lale cinirl) ve konorlordon x=a ve |
x=b c’é-?"'u,arw’a gevrili ice dilimlene yon.
temt e hacind }\e.fo,loyaw’im Fesit alan

peaz [0 dy —w
"'G,rx)

Vo AmIYt  axza\dan x=blye aroll;cl: (reteals) inteqre edore b hociwi bJWL.’

8,(x)
V= fLAtﬂJX" f [ Y Lexy) dydx.
0 g,(‘)

Benor alwuk R, x=h(y), x=hly) egr‘:\er'r ve Yee,Yy=zd Jajrulen awmly,
So ardsk inegule bodm vz é( mfc - -Fms) dxdy dir. (Sekil Jm'y
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15 Katl Integraller

Teorem! Foubini Teoremi (kuwweH, F;m) |
f (xg) , bir R Bblgeﬁde curethi olsw.
) Eger R, 9, ve 9, Cotl'de sOvelli olaok vrere agxeb, a, 1Ly Ly, i)

.. )
e Jonuwigso If ferg)dt= [ fg fexed) dy dx
dir 2 3

2) E?er K, hveb, CedlYe Sisml:h olmk Dwe cLysd ) hExs hiy)

ile Jpnm\ty;a [[ fexy) o= ,( f f!ws)dzalﬁ
dir:

Ornekler! 1) Taloam,'xﬂ-doﬂemde x-ehem, Y= ve x=| déarilors fle swe
& ugqen, 0540 %._.‘Ftngj.. 3-x-Y olon pu'uuanm haamm fbu’wn

] E |
HaN=Hocimz | rxtg.:xfa)dgdx :I(I 3'9.-13-£:r d~
o] 2 7] 7"@
\
:!(37:.. 2 Ydx =(3;x.:-z,_2 L =1 b3

P | ) ~ i
H= f tz-rz—a)axo\sa-ﬂsx-?{—a?c\' dy={(£-¢y+dg)dy =1 b3
° 9 o %Y o

2) R, xz4-dizleminde x-ckeni, Y=% ve x=l d&?ru\aru tle sinrrls ogged
o\mat Urefe J'f %ﬁ.dﬁ.

in\cgra\in} he:arlagmn..
JT %"_’,‘.Ja:[lf {S.lﬂ%d:cdy in-lagralin} kﬂaplajaulyoru.

(o]

U MO"" flf&g."dgc}'x _f (3-'-*-1-2‘ -'-‘sf Siaxdlx = wcasi+1

o o

l.n-}eafa.fyol\ Sintrlorm, Bulm
Bovi bélgelar igin integml statlorar posil belirlegecegimini  girelin,
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ep
‘ o
% ‘Z:(l?
) ) X 0 =N >
-] x ¥ t
en'Suedx %"5"%9““ 4 A x
| ]
J:{ foug)dat = f 5Tf7¢9’ chydx = § I 1 try)dxdy
X0 9:“" g=° x=i-9
-4 7 7-% ;
Ormek! I f U,x-m.)dgd'x ?nl-eﬂralinin M-l-egra:‘jan b’é\qe.ﬁnf Gru-
(7] fx‘l.
M ve IMecysyon sirosin dgplirecet deat integeli younn.,
‘ln-’egra_tgon bolgest, x*¢vs1x v oixsr e- L) )
(4
sﬂ-s’n,l‘(i'; 1\e ver'clﬂw'il‘- Buag 33!& b"élqe, X=2O Ve .7..-;1
%2 afosinde Y=x* ve Y217 e.-g"r'c[ehyle sinirchdin
ldegrasyon sirasiai degistirdiginnde verilen 5
x

?A-\-egrale denk  inlegral jl" f{?-;xn)o’x ds

o Y

dirs

i kati Integrallerin & 22(likler

BT R siniel be\gesinde  foxe) ve gexpy) fonkayonbr Siretlyse
) f f c fox\dA = Cff fax)dA (¢ herborgr bir say))

2-) ﬂ E forg) ﬁf‘llﬁndﬁ J'f ‘F('N!\CJA ¥ ‘g%@(,&ndh

2) o) R Grerinde fex Y=o ise _U 'Fcr.;u)aﬁao

bR Grerinde £exd) 2a6q) ise  J f Fexs)dit > [ [ qex,9)Jn
4) &) brfinin S2efine gelmeyen Ry ve R, bd\qelemm bar\e{rmt ise

- [feaadas f T tmgyon + f{;f,c,,) de

Brellier; oq ‘oall‘
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Ornek! y=- 2 e'éris'l)

y=4x-12
s oL :f---;;;-'f’[-':"J. ;
P /
P __/.' ¥ 4+.2
A =

15 Katl Integraller

YW= 4%~ C‘O"jwso ve %Z- ekseal +arofindan
sirlanan R bolgesi zerinde 2=16-2-y*
53123‘1 oldindo ) kama benere koti cismin

haemint bulwmor.

He [f 16 -224v)dA
R

5  (ud

ot e

=.f f 4(16—%‘-5") dxdy
o 9y

3 z > |
::of(lb‘x-%"ﬁz?c \32“’ da

1 2 b 4
(4o Q8" ,,2 39 874
:of B(gn]--;‘—‘-'-— 4 4y -fm-i-q] Y
Yy .8 ut C
=| ety 633 1S 3-453 ‘l'.g-- 'l"'-'a"""
[—a,"*‘-g-"-——i% e 2B lsuhL
_ 20803
= 1630
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15 Katl Integraller

53 Iki Katl inbegral ile Alan

R belgest vieride ki kath integral toa- LU ‘f g )|
mindo frxW=1 olirsak, Rieman doplamlars —t L]
Sp= é: ‘F‘M&Ig)ﬂﬁt":é' 4A¢

-1 =t

formung indirgents. Bu, R atn poreolangmdaki kiq ok dit d3rtgedle-
rin alonlornn -I~op|awr)rr- Eger pargalonyin normune sttura yak laptere
Sak, atban fwmit / R aloan: donlor:

Alon :lll;:';o %’: Ahe= gdﬂ'

Tanm) Dualesde , topalive siidi bir R balgesiain cilani

Az f[dA

din. |
Ornetler; ©) Birne dupHebir b'dlﬂark 4=x ve Y= e'a}‘/'l'en' tle St
kdpall R bblq.efm'm alanny bdwr.

P ! .
A:! L dgdx =°f y “l;:dx :.".OI (x—«"-jdx MexL

3
:(Z}‘_-%—l:—‘z bet =

2) Yoxs2 o'o‘?jmsu ve Yoxt pambolu ile snirlonen l-a,aah R bblge-

sinin  alani lyv{uln.-

: y=a? Soldaks Se kide old B g A v 5
eres /vll, /4 bdgesini Ri ve R, bdlyelerine y=xt2 ,«F.4
: Lolaﬂ'ek— alont y

: ”'/f - A-!fdmfro'» ff dxdy

| ptpr+2
- . dvdx
"/ B (-11) / i- -
L ||.|/" 7 A1 o 3 ;’_.

. 0
. olamk he.caplayamml
soqadk. sekilde aldgy giki, integragon seammi ters ¢evifisek , tek inayal
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15 Katl Integraller

ve daho kolay aloni hesaplayabileria!
2 L% 2

ﬂ::_f' l-; dyd =_{ -E.‘-'-' _!:hd" -'-'-; [ ?‘Jm-x."-)Jx =(§1'41x-§z -l’ "% b
Ortalama Deger

Kapali bir orolit harinde, +eb degistanli integrallendhilir bir
fortsiyonun ontolams degert, orolik nerindeki fonkiiyanun 1ndeqrolinin -
ll'q N uwnlﬁma Hbﬂ'ﬂgdv. Diurlerde bir sl bslge dwriade tonim-
Wil Saplenli integmaliendbilir bir -fonh?yoaun ortclama O’@?ﬁ, bolge
Brefinde Inbegrolin degefiin belgenin alanna kol wniodin

R bigei Urofinde Flain actalomy degeri =m ,fzf.palA d:

Ornell R o exest , 04uel ditddrigen Urerinde Axy)=x costey)
'Fm\'&t\joml\w oralamg Je?]efm': wloan.

5L N ) JU
J f'x.casrxg)clgc)x:j (s‘ir\tw)l dx .-:f sinx dx =~cosx lnsz,
© » o o 0 0

A Ain olear Rdir R Urorinde 'ﬂn'it\ ortalena Je’?eri % dir.
Ornek! R: -24%42, ~t=Vgxr 29 ¢ 14 {4-xT |le belirlenen oY alo-

nn alamny, @) Fubini Teoremi b) Bosit geomelri
kullonorak lsdunve.

o) Simetriden doloyr Raia alont, bLifind dartrebir I:___L;____]

LB\ge.\Je ait abnn 4 kahdie, = PR
2 .14 {g=x2 2
A'—:H‘M"‘J dydx =4f(l+J4-7c’-‘)Jx
R © o o

= tf(z +% N2t + 4 5"“"‘%1; = §+4I.

———————————

b R belgesi , iki doisfna Yarigopr 2 olon yarim disHer moste e~
ali\m; bir o\'l\:dafhenaen olugur \faﬂQaP( 2 olon gember ve bopd-
lort 4x2 olon AikdBriganin alonermin Yoplami !

A= 442 = QeI
dif,

Fuat Ergezen 9/29



15 Katl Integraller

154 Kutypsal Keerdinctbrdy (ki Kath iA-legnx"ef‘

Integralleri, kulupsal keordinatore geqtiginindle hesoplarinst bom
dal\a ka\aﬂdtf

Kutupsal Koordinctlede l\l\-l-egr‘auef
r=9,(s) ve r=9, (6 sgretl egrilesi ve o=X,
é=p ttnlorr orosinde stniclr bir R bélges:
Vierinde bir faye) for\ks'lyom foruml oltw.
X we B afesndakr & J@‘er’er} (Gin o£9,®)
€9,00) olsun. R bolgesi, o4rea, niecg

fl =g

lp'blqes'm'in TaTaded, R’\{l gar borzel Yoy ve | gmler ile kaplayab‘;liﬁz, Moy
br oijp Merkenli, Ar, 245, ..., m Ar yorteepl gemberlerin kesi lmeride Olgur.
lfm'd‘ 6:=4 ) 5=.A+40/ o= K1248,..y 6‘-—‘!‘*"”49# fle veribr Bure-

da b= (=) /' Jur, R'yin FinJe bolon kobupsal dikdsrigenleris aloplnm

Ahy 8hy, - Ady olorsk .Slfalaydlm' (Fe; ) alon BAy olon I:u-lup.rdl ditdert
qerde herborgibir roble olsen. Sonro a;aé‘fudak'r toplom: olyturml s

n
Sp=2 feng,e)Abe
[ -7}

E‘?er F, R w_ge_s?nrk soretl i Arve Bo sHuwo gidﬂ'kﬂ, bu JOflaw bir k-
ribe yamlogir. By limile R utersde Flain ki beth integral dentr ve

Il\{-;"msn — g'FU76, Ja /_H -
’ ff (h . Q\
lle gusterilic. Bu liniti hesplosat idin | ance Yy b
Sp +oplarann Arve B Herinderiyle yormchyn. g ” g ——/‘-“«/_-*——:a_.-ﬁt
mall sec tL'lr/ ’
Afyg = byl dilimin alan - kigot dilimia alam y/

:'!7.. L(ﬁ.‘#-‘-‘q‘:‘) - (rt’%)lj ﬂ@_._}_(z,rt&r)w f/ e 1¢r e sector
0
=reordoe
Buna oSre Z' fo, 0.) nparbe di. iki batlr infayal g‘fﬁo)rdfd;

Setli rSadr. bem Tasnemme qire , rrve o o gare febrorl tet jnlegryl olauk
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inegrali hasapleyo bl {/ fenoid A= f f gtteicl}eerrJe

&k za,00
it\-‘aa!afga/\ Sinrbriny Bulra
Korteryen koordinat sisleninde oHug‘u gib: kotypsal Foordiet scle-
minde de, R balyq;mfe f J#ena)d# intesgrelini Aesgploret Tein 2nce rye
gore, Jaﬁn sory &'\yo 52:;@ integral asogichs odimlerle a/wr
) Bolge ve suv egfilen grushr.
2) nin orhne yéninde R bslgesinden qepen bir
istn G128l ve 1s1min Bilgeye cindige i (e
Acsco) ve qibhg egri () belidenerek rnin
smwrlory bolunur.
3 Rlp sirt oo o dqefmin en kogok ve en
boyuk Jeiierler} bdwerw k &nn condert bobidens.

Hl-Fcre)J/f fﬂ fl fcre) rdrde.

8=, r-fjlckce
Braek? Met+case kordiyetun tai ve r=1 gemborinin dist oloa R &ol-
desi Urerinde ferie) fonksiyorvam M*eam'_ym <m ,,-ja,M., boluor.

: _T:T_}-_"'.'_"-__-" r=1+cos0
I+ces & / T
[ £er, ) drde T || "-.Ij
f z “Enters eaves al )
kU’l‘UPSdI I‘mraiwl'w ﬂ'lOﬂ o ¢L " r=1+cos#
kubupse | koordinut dunlendinde, kapal ve cinwrl bir R b-blgeﬂ,,m alont
A= (I rdrde
dir. R
Oraek: r= Lcas2e | emiskohnin alamag bu’unv-,_, 2 i
l ; . a’ V4 cos
Simetriden A?m o = - P
A= ‘f r j df =4 f (L I 5’9 i": \(/f"f *.III ‘
- S R [Tt
= l’of &wwa “é-ﬁﬂw ¢ —4' i Inl-.rail \‘:.-_- r’ =4 cos 20
r=10 =
11/29
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15 Katl Integraller

kortezyen inkegrulleri Kubupsol Integrullere. Dontstsruek

Karteryen .g Fexey) dxdy ia-legral’mi butupsal integrale ki adinds do-
Mo rordL. Jace borferyen integralde X=rcase, y=rsine yefine koaw
ve drdy yere rdrde youlw. Seara do Rhin senirt igin leubvpsal in-
tegralin integral senwrlort bulmur. v durumde kartaryen iateqral

ff fexw) dxdy = fff-(rcare, rsine) rdrde
R G

formunds olur. Burodo, 6, butypsal koardinatleds integrasyen bolgesini
géstermeld edir: o

Orneller: ) -( f (x4*)dydx m-\eyra‘rm he.b'ola\ymn ’i:.
Bv Sorvy EaH-e'z.\jeA hpordawﬂdm'ﬂ G&Mege galﬂf.sdk

S+ )
hegabin 'unrlv?.mu gamb.lmx x=raase, Yyorsine kolupsal bardmeqrd

dondehrirse ke f] (-z1+3'1)<45a|x fl}'r rdrde = fN J‘_"ldé-f ‘5“("

XU
=

=0 ¢

80
=2L
8
2) Y=’ <Gt ve z-ekeniyle smrll yori-dairasel R bélgesinde
£ f X dy dx

iNegalins )\esop'agmn.
Karderyen keordinatlords, by irtegrali,
r'e veyo Wye qare inteqre edemeyin. x=reare ) y= pcine  damisi-

Miyle
7 ffemﬂogdx ffe",-drde f(-l- "1[ de

:-%_g (e-l)de = -"—i— (e~).

3) Ao, xy- dozleminde birim gember ve Dshen 2= 9-2-42 ponsbobid
ile siawloamy  kak dcmin haemial bulumua.

ll\“qﬂﬂﬂdn %le‘eﬂ, {H-n?.-l thuidlf‘ kdl‘upﬂf kmfb’H‘fb r=l, 04O
i\e fammlorv,
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15 Katl Integraller

I (a9 Ja= fa f (9-r*) rdrde
\ ) .
= 4 ; % /
_ﬁ% A_de !, de b
Ll | A
= !Z.';! de = ”.é_"t . /: | et ,

lf) xY- JWI*JQ, Y= (31 dfq‘u.svnm a”nda, Y=1 Jv’a}rdjvnvn DI"‘M
ve ayl=y Gemberigle sinrlanmy  kapali R bilgesinin alaami bobp
50";:\#&30;3“ tdlonorak IoJumn_.

Y=z = e=&
K4d=y Gawber) ile Yo dé}rwmm kaslimt %=/t dir
(By)'den qegon dopmw Gini fctme 2 6=F din

% 2 :

_[rdﬁ - r J r‘drde g
R &6 cseS o ' 2 °F

e % . 7

:.:L'Ea (£ p‘éclg.do-.:’i‘ Y lh-amse e Tli(w kotel.%
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15 Katl Integraller

Is.s kad&r“ge:\sel KeoordingHords Ug Kol in‘}eafq"er‘

UC; Kot fﬁ+esra'lﬂ‘
Fxy,®), vieydo kapal cemirl bir D b'élge.ﬁnde tanindr alsun. 0

Uélga.s'mi) koordinat eksanlerine dik dvrlenler ile o’fl’o'arlgen,sz:l hiere-
avy

lere a:prardk par(;ah-:,om. O'nin Tgindeki hicreleri (*t.ﬁn'h
I'den Nye kadar swaliyorcr. k. hicresmn boyuhlen 4z, dag
A, A2y ve hocmi AVe ile gasteriliyor Her hdcreden

Wir (te, A, 2) NObIan segelim ve

S\:éj Ff#lcgr:h)ﬂVt
toplonn olugturaslin, =

Hocreler: g‘rH‘iLfe kg EJH-QNJL,- Oxe, 8Y4¢, Avy ‘\rin en bigﬂ arql@r
porgolanitm normu 1PN, sifiro yablakediGmende, poredeny ve se.
h’c‘fnm'n. no telergam baslmm. -i-e'z bir hisid de?‘or; elde edilirse F 7.76 4
Uefinde W\‘\roﬁmlﬂmk A?yorn,. E“?er ~ _gam,}:li ve mnin s 37111—
Y1 di2qin yoreyden (Soalv Soyuds) olcfmgs:o/ F inkg,ralbmbf/iraf?/‘. L in-
+°3fa\a D Brhinde Ug tatls in'}egrui denir ve

hm Sp = Spc dxdyds
S

ile ﬁ'dr'lc({fh!‘.

Ug kaH iﬂ'\‘ae,rd llerin rellitler!
) fffcrdve L_&ffrdv (ksebit) 2) fgf(pze)dv: ‘gf,:dv I%ffedv
D

)4 0 Vacfinde F20 ite ,gffcdv;o
D U2efinde P26 Tse f{;frdva ,q‘fg dv

4) 0 bicbifin Drodnde olrayon hoerelerin birlerms lle

fgf"d"‘*‘ .g.’(fFa'V +£{fpa'v 'f'-—-+_£g('ﬂo(\/ dir.
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15 Katl Integraller

U2ayda Bir Balgenin Racr(’
E3er Foxaa) =l aliese, Sp= ﬁ'Ftn,g,ﬁ;)dU; _é avy ve it alm-

A"J"‘J" = DN = {fo dv

NDOD Koy

D\n‘s_n \r\aawm Vs kot indegra) olorm k \erecettic
Tann! U?.agc‘d kapql. ve Sl bir D G&'g@.ﬁn?ﬁ haem ¢
VzHz (.or T dv

din

hmbﬂrd] Simdorini Bulma
D %2erinde Ifthx:!:%)J\I m-legralm: e ‘ "
e sonro g‘ge SoMa Ke ¢are hesaplamk L__,__l_umm
Ue\n Qj‘aﬂlr)dkl admlori leeﬁe.lsgn. il il
1) O ve xy-dinlesine dik $adisuai R bblye- B
st giailmdi. Onin alk ve iist yPaayleri ve
Rain alk ve Tt e?r'alef: isoraHenrelidis. i o
) ;“*edmymunun t-Siiddert Rin ¢ -eke. /:'/. .
Nine parolel ve D bdgesinden qeson br > S 1=ag
Jaﬁlru ain orhm Yy2n0nde g irilmelide : g

Enters at
Z _|'.|'. .y |
ST

Oge 3""}' ‘J"’mﬂ' ¥, (xy) ve Gibiye yneyi 2ok, (xy) ahia Surbord s
3) Inlegmsyonun Y- sinclert rain , xy- Jorderinde y-eksenine porlel e
R blgesinden qegen Yoin ortm yeronde biv digru ghailielidn O
runany bildeye qirly €3rist d-aux) ve Giky €I oGy yWia -
rid
¢ indegrasyawn ¢~ siudarr | tblgeden gegen Yye pazlel dgGrolann bezlen
QG K=o\dn  sonv Yzl'ye kool

Buny gm-e 69 bJH( m'leqnﬂfn ;(m,bn a;aqcc)dl:l .;Ql—rla/eb,z/
gx) hoy)

fffrmu,e) v f f Foxy®) drdudx

Ay 2 21 )
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15 Katl Integraller

O”‘euq‘i Z2= %1+33" ve 2= §-x=y*© 3“d1e9!eri arasindo kelon bo-
pa\\ D b'dlaes'in'm hocrani bulunur.

M
Ez,x’l_‘a(j'\_ ve %-‘_—.P_ x'[_s'j__ B'-‘; _ l:.cn\&u.-;alt‘:] .l-,-i 11
zeylerinin kesidmi \\ / -
The curve of intersection
a = . D/ e |
ehF“l’- S'Ihhd'lY‘Jiﬁ R Uﬁlﬂeﬂmn Sy DYAia / iu 2.0.4)
. NPT e | o
xY- dvilemi Baerine :u:lq,:ww J 'x"f‘!-j"-":‘r \ T
(2,0.5T Sl G
elipsidir. Buna gare hocin, e —
; ~
Enters at e T w-’|1 0,0
H= f_ﬁ da.-dg dx =V — )
g_x’!-_y‘- a E}._E_} y _- r ‘(r 1? /'\\ g 3.‘: 4
.—j I J J%Jaax [J\<.1/
y=VI ‘W=
- b §
1. 14‘331 @'F
7 e - 2| dx = ra-:i"ﬁ
= (2-2xyyt) dydx = f [&-2yy -4 Ik_-"&
-2 W= z
28R,

73) K&se noktolor (0,00, (1110), lo0) ve (O] olon D darkyvaliss
(retrohedren) Tirefinde bir Fexynr) fonksiyormem Ug bath Tnteyralin

hesofamak T4in IMefusya Sinidonnr younn.,
{l 1= [ J%J
¢4y d .
] £ L%Frxg*) y du dx

2) 2. servdaki dorlyslvnin hoenini bulunv, it o PR
- 1 L Y-x .r- bE= 1 N y=1
V= 6( ’[ of J'{-da dx \ ,re§ 01,0
b | f - e |
= B—K) d d g .. (x, z) X 7 Leaves at
‘! ;[ ( 3> Of(.Es i Lc'.x .-';_.-";.Ifnlcrs: at p=1
\ i l;gf:' y=x+z \
:J('—I;. """""lix"')dlz :(-Iivc-x_}: 4-—5 X3L :-ZI- A (. 1,00

Diger sivglamalor Jepte 3ap|\mW- (ﬁdrwl':‘ar bode pplahlacabhin)
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15 Katl Integraller

4) Yandoki ;eHbE welilen kot cisain hacwin yeren
integroller su ,czl:ﬂdd’h’

d) ' f " f Zxo’th b)f;f l-sfj;dwl_q
® o 3§ o d

PR S 2. 12
C)!! of dydxd J)of f'f dydrdx

e) flrf'“gasdulg oY ! 1 Gndy I
o o o o
o2

¥ | {
f::lxdgd-t-.e I | f l;cjgdx =f1(i—'l)d’b.:(‘&-‘tqi.= .
0

° 2 0

H=N=Hocim = I|f
0 o

NeMa
E Y

I
e ' I [ drdeds = | i dndy=foiandy sts-g2] = 1
© o

2 0 6
Uzoycs 8ir Fonksiyonvn Srtalanc Degen
Uzayda bir O bslgesi 52erinde bir £ fonksiyonmun ortalame Jo.?j"ven'

D V2arinde Fliin Ortalome ﬂegeri:‘. m I,r fedv
; D
le tonmlan
Ornek; Bifinci sekndebir oblonrtda keordingt duzlemleri we x=2, y=2,

=2 durladlengle sinrl Eip inerinde Foxga)= 292 Fonkiyon-
Nup aﬁuldw Je'aeﬁ:\’. meVL.

kubon heemi 2.2.2=8 13dor
1.1 1,2
[ [ xgeondyie=] [(@aldyde
e 2 o 0D o
1,7
=éf fz-:rbdgh
g T
:f%g"—;- lth-=r 4
P 0 o

= 22t ‘LL.-:- £

.| =
kvp Grennde Phin offolorw A&;m: g TR {g"fﬁv’} [ ehir
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15 Katl Integraller

153 Silindirik ve Kuresel KooerdineHorda Ug Kath ?n-legraﬂer

Sihindrik Keordine Hords inJegm‘gan
Uzoydo st hadic 'tk l‘aorJ:MHan) xy- dtlemin-
de kulupsal keordinotlar:, karteryen dik sislor—
debi 2-elkueni ile birleclirerel elde ediyern.
Tanm? Silindirtk koorJlM'Haf) u2ayda bir Pk
tosini sicall (0,0,%) g luss le sl edes bu-
!‘ada 20 ve

D r ve 8, xy-dinleminde Pain Jikey 12dii-

montn kuhpsal beerdingtbrdir.

2) 2 dikdorgenel dik toordvatie:

| sorflert .cdij[oml‘.

Oenblemler  x=rcase, Y=rsine, 2=z=
- N 2 -
t= Xyt ,  tond-= —%

DikPBrigencl (x4r) ve silindirik (ne) Loordinatlorr Arasimndaki

Silindirik keordinatlorde r=a denklewmi
xy-dd2leminde gember Je\ifﬂ, sthiadir ebsent ek
Sent olon cembotl silindini tanmlor. 2eksent r-0
ile verilir. @=eo Jdentlemi, 2-ekiesini rzopen peni-
HE x-ekient lle @ ogising sobip duzlemi +ommlar.
t=o deaklomi, 2-cbwenine dik bir dU2lemi (xy.
dudenmina Pohz)e” tanmaler.

Sibadrit boorditatends bir D bblgesiain
pargalangindo ki kledt silindir b tamo (haker) m

hdchl “”ll"lM hac.utl\ dV;-_ d-‘i; f\dl‘cjg
&mvm)aoll‘.
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15 Katl Integraller

Ornak! A;oglc)al\ 2=0 dirlemi, 3andan (yonlordon) x%ey-1)'sr Gembersal
sitindirt ve UsHes 2=a%ty?porabeloidi jle spmrl D bolygesi O2erinde
bir f¢rie,2) -Ponh':yonuny imegre efmek i¢in Stindink toordinoMNorda
integrasyon  simirlonni buluave. A5 s 2

M -7or 8

D'\win tabon:, ayrt rrmands xy- dizlemi
Uzafinde bdlgenin iadbsvmu R din kul-vp.wl kaar-
Sinoterds denklem

11+C‘J-01=I = 4 t-zyzo 2 r2rsme=0

r=Sine dir. Bora g are

fj ,( fer, 0,2\ dv= ff e *""'N" ’a mﬂ*’
BN f f fere2)d rdrde esine
() 6 o

i

Sihl\éif'rl! \ioom"tm-} loruﬁy ii\-\-esmssm\ .glmrlanm Bulre

Uzenda, silindiri b keordinol lods, bir 0 bolgesi pe- [ -

rinde .gf fcro,2)dv | | l 4 e
| 3

inteqraliai dnce 2'ye sonro fye ve son olorak- ﬂ!_._ ___=y

to ©'Yyo gare integre ehmek Tuin agogudati adw- kl/ﬁ_ B

lor 11lemr! ./..x__,,f.-;'_"f'_;} _, , ,

D) 0 ve 12digimy R xy. dnlendade girilin OWin si- : fir-fl“——":Z’@i-‘-{j’ . 8
AN 3'oz¢3\er le RAin St e'afcler 11 mlendiri i = f ; hjf

2) ia#egresyouunvn - sinddon Tein, D L3lgesinden gegen 2-eksenine
patale.\ bir M cJaqrusu 2'an orfum yanonde giylin Main D'ye g’crdfg‘; yo-

zey = 9i(he) ve GlH%i Yyhey z=9,ch€) du. Benlor, ?AlaﬁrwyOAm =
S lﬁlanc)lr-

\ ~ "~ % P ~ L

3) In-lreﬂmsgmu,tm r~cmilort %in , el J'mdan R. bélgeﬁ/m’a gefen bir Yo
Grulin Lsn R bolgesine 3'ira‘1'§:' egri I= hto) ve gilthgi éqi r=h, (o)
. Bunlor indegq@isyonn  r-simrlonds-

Y lnhgmymm & sumrlort, L nama x-ekwai ile poritifasi Yoptss Ry Heta
Yo 6= ve 624 nmdcno’;l‘

Fuat Ergezen 19/29



15 Katl Integraller

-‘ 3,16
Indegru| f{f{:me, t)dV:fB j L f -:cqg,?.-)o’%- rdrde

8=« r=N(6) 2-9,(ro)
d.

Ornek! Aldon xy-dialem: ) Ustten 2= 2yt pom&:lo?Jr' Jaadan Y=y
stlindirs Tle sinirlalonan ka/aa/f koly cizmin hocmini b .
()] bi‘lsesi alHor 2= dinleni OstHen 2=r : 2=+

poraboladi ile s lidhe. Taban R, xy-dirleninde !

v 4= M
osrer diskhir, > L T

HoYHacim = f ] I I+ rdrde

an " 23T Centroid

°
L\

Kuresel Keordinator ve | negrssyon
Kiresel koordingtlor, viayde noblolori fki o bir PI.T.J::,J;_.
vrunlik ile gackriner. Biinei koordinat, £= 108, .4
netiani orjinden kalu'jtdlf. i kinci keording , &, -.[}._/_f_/______ SRS
P ‘nin poritf 2_ekini ile 3::,04@! ageoht. Ugn- /IT g P
el keordinat sitindirlk Leordinatards ole blen - y \

6 oGistoi

Taams Kirasel koordinatler, v2oydy bir Pnoktosing, a;a?cddh’ kaglbon
soglayon  siralt (£, 4,6) Telus fle femsil eder:

1) P, Phin oljine uialcltﬁdur.

2) &, Phin porHif 2-eken fle yopi oGtdil. ©2d<IT Jir.
3) 6 ; < hiadurd koordinetlordakt agide.

P=c dentlemi orjin mertexli a yorigaph Lureyi
toamlan

Fuat Ergezen



15 Katl Integraller

& = dy.
p and 8 vary

P=0p dentlemi, kisesi ocjinde ekai 2 -ehseni ok 3

br ko taamlon o4l |, g=%, Fopsast ve

¥=0, #=5U elMas durumloria GQIHOWII- /

STy denklemi y poz’.hf- x-eken (le 6 aqusi Yo~ /Z
pon ve z-ekeAini f@erén yorim doelemi donim- - a

lar, 4 JI‘IJr: vy v

6= 6,

p and & vary

Kurasel keordingHor lle karleryen ve Silindictk  keoeordinghor
Arosindak:  Dentlemler

r= psing, %= Mcasé = PSing caes _P=@31 L 2, &1,,_{:.‘
Y= FSING =P sind STnG
- paxyg

Orneklert 1) 244YY% (2-0%1 kiresinin dentleaini kiress! lkoordinatlor-
do Yyermn.
T+ 4E = Pisidgcaste + £rsinpsine + (faasd -1) =) =D
| f"_s‘?n"-d( coslg +ﬁn1éHP7m1p-zﬂ@d =l =)
LS + i) 2pcasg =0 =D
PPrpcasp = P=2cusp  (P>0)
2) 2= {x49T' korisinia dentlemini kirege Loordinatlerds b ulmnn,
2o = peasd={ p¥inlg! = fcasd = p sing, o, Sinpo
= cCosd=sind ¢.-:..% oL gLm
Ceomalrik gdrom’ koal 2-efnne q3re simelritin yr-dizleriam  bifa-
ci lo'nl'jeﬁnde 2=y da%rur.mv werir. keoal fle pa‘:.?'}?(' 2-elesonl ot~
Sndabr agi % dir. leonini dJakleni @=L dr.
Kuresel toordinatlords, hecim elementi, dp, da, de dierausi-
Yeleri Yorafimdom donimloron bir kiresel koo laker) nn  hacridir.
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15 Katl Integraller

g sin b
I
J/ psin ¢ Af

Koma yallasik olorat bir dikdirtgensel kutudur.
8ir kenort pdg vrunlukly bic gembersel yay ) di-
ﬁer kenort PSing do vrunlubly bir ¢emborsel
Yay ve Ea}m)lg"t Jf dur. By ydrden, Lkire-
sel koordiratlords hocim elemant

dV= f*sing cJ_p dg¢ de
ve Ug l‘a”! i'n"~09rqf

Y etsperdvs S[f Fmo) prcimp dp dpde
seklindedir.

Kurese! KoordinaHerda ln“egﬁ:uym Sinirloriny Buh‘(a{ )

U?-ajda, kiregel ka)fdllbl",ol‘dﬂ bir D bdgg‘l
U mnde‘ fof ‘Fl!'ﬂ e) dV . Lbll‘fl-x'a,__ . & ;?.'”

[ A I'; I'I p = ghed, 8)
INeomling &nce $'ya, Soara d'};e ve Sop olo- % W (17

faktc 9‘30 gBre 'u\-}eﬂne etmek 7ein a;og‘tobl:i

adwler T lenin p

1) O belgesi ve xy-duzlemine iadysumy R bal-
gesi grlin. Olain i yozeyleri isidends dhe | th p=p

2) IA-\reng\jaAW\ P-stry Tethy, 0 Lalgqmc}gn H ur- ’ - -
degen  orjinden boslayp portif 3. ckseni tle B oG Yapon M dde Qray
Guhir Pnun ortio yininde O bblgedine gindiGi yorey 9-a,(q 6 ve
C;IHtﬁl yiley P=9,(de) dir. Bunlor; Plnva Fakg/wjaﬂ Siatrlend

3) ih‘regms‘yonvn 6 simrlon igtn, Mo’a'aruunun jap"fjr g ogistnin  mMaksinum
ve MINIMUMU, Fuaks ve Prin blunur. &m’at} ¢lnin i nhegrasyon < nidonidhr.

4) Inegresyanyn © sinrlore in, L ionn Rlyj sopordigo Adon glyg ag

lor bllvau. Bunlor, €an M’rqrb.cgm sawrlordit. Bu dorumds /rkyral
9, (ge)

P
jﬂfff;ﬁﬂd‘"'f f Mk’f £ep,p0) 92 sing dp dp de

I =X g=guin pZq,(4,e)
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15 Katl Integraller

Ornekler: 1) 941 keh kdresinin #=% Konisi fle kestimesinder elde e-

di\en D "dondurma kvlahmall hacamia) bulwae.

H=V= Hocim = fost‘Lsings egaJdJe | M

D & I.-';; Sphere p = |

= f o j flf 2 g.il\¢ J P d¢ de “ :
0 o o ——— —— = Cone ¢ %

'lél‘ ‘uj ‘ R -
- 3 9 f/{_,.r_ _\‘
! J (g maded s N
]
S

wt Kb ) -
= fm.f L fing Clefje"'f(-—}- casyg l %:f(’é"’})dé 2%': '
© o 3 o °o @

2) Yukormdobi sorudoki D bdlgesinde Fex )= K%y?  Pankiyor-

nun Tntegroling he.saplaymn.
D balgesiain tiresel toordinaHardo ineqra | suirlorinr bl go-
i, feny)= X4y korken yen dentleminin kdresel keordiratiarder bor.

Shigy ﬂSo?dala‘ gibidir?
K= (P Sing case)™ + (P sing sine) = PLsiaty.

Burs gbre,
f Df f frvup)dv = f:of / Frxy) dszJ ¥

= Jp’ $in' . ising dpdpde
n Y
:fgffl's?n?ﬁdpdpd& =ar !"‘%‘S ,'s-?r?ﬁddafé
K 5/, R N4
= f .slfg"?‘;gddcla :Iz [é (I cafg)sing dg dg

0O o (]

an
=EL¢ gd’ 2‘%‘
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159 Katl in‘}egrallerde Dejisken DeFictinue

Tek dogiskenli fonksiyonlorde oldgy gibi, sok. degiskenli Fonk-
Styonlords do cleﬁ'i! kon Je'a'whr‘n-te ks 1k in-l-egfvuerf, ko bosit ha-
le gefirip hasoplomak ig1n bir yondemdr: Deﬁ?ﬂ'ef\ Aeﬁf.rl'ima ?m‘-ey;a/df
basi Jestirelilect3l oibi  integral Simrlorimda bas letwebilir veyo her 7ki-
Sim birden basttleshel)ir,
1ki Kath il\')'egrd"QdQ 0&3:}[’@ ﬂeé‘:}#fﬂe
12.3 bdiminde cmlq-H-lﬁmrz ku-l-upsa! teoordinat lordale o’ﬁ'ﬁk‘m 0[9?';‘-
Kime, it batl integrallerde daha genel degisken defistinme yenter-
dan Brzel halidin

uv- dizleminde bir & balgesd,

x=gLuww), Y=htyv)
focmundoki Jentlemlerle xg;dﬁz.leminafe R bdlgesine bire-bir dani-
H{,w dusunelim, R‘se G'nin geérinticd (image) ve 6‘32 R nin "’kﬁ-
UMDY (Prenirge) dyaregn. R Uzarinde tomimds herhongi £exiy) fodk-
siyonury € Urerinde tonmll bir £(guv); haww) fanks) yorv olofak
dusoncblifn. R uvrerinde Lexsy) 'nin im\-e_grali le @ Urerinde flgquy),
heuan) fin ntograli arosindaki iligk nasildir?

Tek defficpedl {Fgﬁk %= g

oy £rx) x—fffg;u)s leydu (szg,mdu

dejldm déﬁ\;hruede 3‘“-) gorponima yerme aelmk ;al‘fmf 3 qarper
le qésteryorve. ( Cal Jacobi) dxdy, Tdudv olueh. 3' oldigy gibi
T, wve "\ﬂe bd’g\t bir -fo&s}gm olral. Ayrico  kumi torev tefinlerni T ger-
wmelidir. Bu yvaden TY4i asoqdeli gibi tomliorn,

Tomm: %=9gwy), Y=hiwy) koordinat dénaguniadn Jacobiyoni veys Jacobiys

delersirosh T uw) = 229 - ;& 8?1 ox oy _ o4 g
W = Q '5'\'1

\r,
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15 Katl Integraller

Taorem: £xy) ) R bolgesi Urerinde siretli okvn. 6, x=guuv), y=huw
dsnkumy o lhinda R'rin ilkg'ér'dnﬁisa olsun. Eger donusim bire-bir ve &Y
Tqinde g veh fonblyedor: surakli birine Forevlere salipie

_g-Fm&f)deS:' gj-f-'tsuw),l\wwl) ‘3(“:::3) dudv

d;

Ornebler: 1) %=rcace, y=rsind kubupsol koordinat Jonusvmv iginJo-
c:olv‘lyam bulunr ve  [f fouy)dndy kariexyen indegradini bir ktvpcy! ey~
tal olomk yorunn. &

Yardoki seblde qorildigy qivi z=roms,
Y=rsiap demleMeri € osrel, oco<Fh dikcbA-
genini, xY-dinleninde birnci (olgedel 2y
ile sincl geyret ganderine dopystoriyer.
8t %

Jhe)=| 2
) _9% %%

= r (c=xtessine)=r

cose = Sing
Sind rcose

kdupsal koordinatlnd imegrsyonds r20 oldGmndes 1Tthedl=1171=1 dir
ﬁr frryidxdy = f S Fcreese, rsive) r drde.
e

Buteds 0§ teroftaki inteyral, kvdupsal keordinat duzleniade bir
L&lse Dwerinde f(reass,rcips) nm integrall @idf‘n Bu irtegra 17 bor-
‘eryen re-dwnlemindk G bolges; Urerinde f(rause rsme)ile ran
Gorpuunin indegraldy. . 4

+!
2) u= %3 =98 JsausumMoAy _ "
) u= 227, v=2 SENESUMOAY ussu!ayawk 5( 3{_ X dxdy integra—

lini, uv-dirzleminde ugqua bir bolge Uaerinde jntegre ediniz-

N Va2
"5_ = Z= WtV
yd & |t v

ajv=zo |}

U
Korteryen uN-dulem;
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15 Katl Integraller

Once x ve Yyl u ve Viain terimlarine gore gdumeliyin: 2=uw, y=2V.
Sonra RWiAsinirlorindon by denblesder Yordimyle G\ain sentrlerm bulsah-

Y1z} R'nin seneloft i Glrin sinclory 1¢,m av.denkleulofmn

xy-dentlamler) ilqili uv-dendestor: Sode ha
x=d WY = 2V =V Uzo
x=2 + usv = Y H =Vl Uz
Y=o 2y=0 V=0
4=14 2=l V=2

- Otxy) _

O [T \ 2 9y
Y Jh +H

I 3-'-"5_-'-'9 dxdy = .( J W 15(uw] dudv= f fu.a.dqu =2.

0 wn V=0 W=0

3 S | f l‘?a-;-?;" ( 3-—'2.%)1d90,7c | ?Megrdf?ni he.taplagm!z.
(7]

0

Bu sractie, sinrlar bener fakat integqrandta doha ba:'ngi)r',le_

bicogini gorecagin Uzx+y Ve v=yax donysomy 3::«,94/!"1 x veyy
U ve visr Yerimders cinsinden Yo sok
T-.--LL--:::- ) 3— fl

din, R\pin sirirlon Tgin G 'mn semielort Qia day- déﬁlﬁﬁ‘eﬁlfﬂ
f

=Y —denklenleri lgili - denklonderi
xtY=| (5-%)+(Z+%)=1 Uzl
x= O & -X =0

U=0 ‘}4’%:0

-l
"l wl™3
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15 Katl Integraller

1 X W
of!lz-tu'(g.zx)"dgdx:ff WA | T ] dvdi
0o

-2

! u,
' I ‘ l-t""'v"-k dvdu =L S u""(-_!,-‘;' du
-2 * 0 -1k

()
th - _ 2
=§of.u. (s 918 )du = Eutl= 'g

4) f-[; 5 € d‘xdﬂ ntegraliac h"..rapldgmn.. .
4

indeqrandtrki korakskleri bositlatirmet fcin
u.:ﬁal ve v:Jshc Jé'ﬂ?bﬂ 0"&/\?3?}#9 'dapalm-l-
Loxy ve VlaWx =5 ulV?=y? we W/vix® ol-

de edefin. wdo ve vdo olmatl owmre

, x=%’ ve Y-uv VA s
- Jeuw) = & gl + '“"1! ) B
34 8| . S5 Vel
w2
& I g ™% Jzdy =£f ve' .E;_l.dudvr_ifzue“dudv =3

s ag loroftaki ?ﬂ“‘egfapdcm doho busﬂ- aldu'g‘uﬂu g‘éreml?ﬁ\_.
z 2
f f Fe,l_—[dmdg f f zueltdvdu =2.f(\metL l?ﬁu:z,j(ze“'_ue“)clu

Wy
<
0 _ .
- 7_[ (2—-u)e +éju=' = 2e(e-2)

Uc; kat fMegrallerole Deg'sken Oe'gi;-l-}rme
Silindirik ve kiretel koordinotlards degisten Jejiskirme, vg
kerth VAt eqrallende Je?j'l'sken déﬁ&-hmen?n Srel durvmlardir:

uvw- vtegmda bir G belges:
Xz gluvw) u,—_—l\cu,v,u)} 2= kigviw)
formundak: dif. dontlenderde wy'l--u—zagwkr 0 b'd)ges'me bire-bir dB-

nesturilsvn, O Unerinde dommll herhongi bir Foxy) -thyww 6 rofinde tanwh
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15 Katl Integraller

F(gtuvw ), huyvow,) kiwvw ) = Beeviw)
foaksiyony olorgk d¥sundlebilin Eger o h vek bifinct kismi +orevlen sdrek
hyse Duwerinde Eoxyw'ain integrali, G urarinde H(wvw)'aw n“n-l-esmli ile

ngrx.yﬁ) dxdydr= fffﬂuw, w) | Tlavw | dedvdw
G

denllendyle ba‘??‘lan-hlco’:r. Burada, | T taww)] gorpent Tacobian dotersisanh

ox .gx. ox
du vV ow 2
TJuw)= | 35 %% % | = Suae)
e & R
Mu“akdefjeﬁdif-

o Silindirik koordinotlar tcin w)v, w gerine
r; & ve 2 alwif. Korteryen rez-vicymdmn korle-

yen xya-viaymd dorusim

X=rcose, Y=rSine , =2
dortlemder) jle ver)lif. Daadsumds Tecobiyeni

e n
Tenea)-( 8% B2 24| =
B AR

gf Fexyv) dxoyd = ‘Uf Her@,3) 1M drdede
0 G

Y= rsine
=T

. 2=3sabil

1 %= rcose®

Cas® = sipe o
Siree [fcsd O
o P '

=0

o Kuresel koordingtor iwin Wvw Yerine o, g, e olime korteuen
poe6- uwgmddﬂ borteryen xyr-ogie doatsa |
X=gsindease, y=pling sine, 2= Pcasy
denklemleri jle verilir. DBASsomin T ocobiyenr
g‘; %% g% singcase  Pcesgcase - P Sing sine
i 2
j'[y,d’a):% %% % =| singSIne P casy sine j’:’go’ome = f sing.
& 2% Cosp =§sing

2%
of
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15 Katl Integraller

Cube with sides : p = constant
; # = constant
parallel to the ¥
# coordinate axes g D
(x, ¥.2) 2
x = psin ¢ cos B | ia >
¥ = psin ¢ sin #
I=poosg ¢ = constant
_
Pl
G j
L 4
g e >y
i) Cartesian pdfl-space x Cartesian xyz-space

fff"f"'%)&"d!d& -=fﬂ' Hp e e) |92singl al_pdyals.
b &

Ornek U= l2x4li2 , N=Y/2 , w=2/3 JBAUSUMUAY vyguloyorak
IB j‘r Ih¥l
s 2 f!h. (ZY+ 3) d=dyda
integrotini, uvw-uv2oyinde uygun tir bolge Uzerinde integre edini.

x4ty wvw terwlerinia ciasinden ¢ érersek
x= LL-I-V) 5'—"?_\” =3V

clde edefin: Sindi G'nin Smnr)or.cm buleline?

O'win sl Tgin XY2-Catlader)  Elin sinbt Tein uvi-derdendlort Glin Sode halt
%= Yh +! UuAV=(2VhIH =VH uz=|
4=0 V=0 v=0
Y= 4 2v= _ T Vaa
=0 3w=p w=0

— w -
=3 3w=3 k-ﬁ;’ihlmiw |

x=utv
Y=2V

T=IW

e .- Y
%34 dorlem
'zu ¥V xw ' 10 6
~X Jecovien! Tuw)=]| 9 Yv W] =lp 2 0 =6,
DsnUsumMin yen Juviaw=o 29

3 4 A .
J'f (.Z_I__z';?_‘_%)dzdgdt___:flf I'(Mw) lJ‘tu..u,w;lclqudw
e e o o .

o ={ (" { wesdudvdw = 12,

o b
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